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Abstract: In this paper we present some new inequalities relative to 
integer and functional parts. 



Theorem 1. If jc > 0 , then — — - — + — — — > — , where hi and {•} 

3x+{x] 3x + [x] 15 LJ u 

denote the integer part, and respectively the fractional part. 

Proof. In inequality + + >-, we take 

a + 2b + 2c 2a + b + 2c 2a + 2b + c 5 



a = x, b = [.*], c = {jc} . 



Theorem 2. If a, b, c, x > 0 , then 

a b 



[x]b + {x}c [.x;]c + {.*}a 

Proof. In inequality 

v=W- 



a b 

1 h ■ 

ub + vc uc + va 



c 3 

> - . 

[x]a+{x}b x 

c 3 . 

> , we take u = [x] and 

ua + vb u + v 



Theorem 3. If > 0 and a > 1 , then 

UJ L^J 



< 



2 a + 1 



(a + l)[x] + 2{x) (a + l){x} + 2[x] (a + !)(« + 2) 



Proof. In inequality 
y = [x] and z = {x} . 



+ ■ 



y 






< 



ax + y + z x + ay + z x + y + az a + 2 



, we take 



Theorem 4. If x > 0 , then 



1 




[x] 



1 



- + - 



1 



x[xj + X + 1 [x\ { x} + [xj + 1 



A f 

+ M 



1 



- + - 



1 



x[x] + x + l x{x} + {x} + l 



< 1 . 



x y z 

Proof. In inequality 1 + + 1 <1, we take y = [x] 

xy + x+l yz + y + l zx + z + 1 



and z = {x} . 



Theorem 5. If % > 0 , then 



x[xf 



x{xY 



[x](3[x] 2 + 3[x]{x} + {x} 2 ) {x} ([xj 2 + [x]{x} + {x} 2 ) [x] 2 + 3[x]{x} + 3{x} 



> 



Proof. In inequality 



’(x 2 +xy + y 2 ^ x + y + z 



, we take y = [x] and 



z= M ■ 



Theorem 6. If x > 0 , 



1 1 1 

1 ^ — , 

[x] + 2{x} 2[x]-\-[x} x 



Proof. In inequality ^ 



a 2 +bc 
b + c 



> a + b + c , we take a = x, b = \x], c={x}. 



Theorem 7. If x > 0 , 

[xf 



+ ■ 






> 



:(3[x] 2 -{x} 2 ) 



[x] 2 + [x]{x} + { x } 2 3{x} 2 + 3[x]{x} +[x] 2 3(3[x] 2 + 3[x]{x} + { x } 2 

a + b + c 



Proof. In inequality ^ 



cl 2 + cib + b 2 



> 



, we take a = x, b = [x] , 



c= { X } . 



Theorem 8. If x > 0 , then 

1 



■ + ■ 



1 



2[x] + 4[x]~ {x} + 4[x]{x}“ + {x} [x] + [x]- {x} + [x]{x| + { x } 



1 



< 



1 



[x] + 4[x]' {x} + 4[x]{x} + 2 { x } x[x]{x} 



Proof. In inequality ^ 



1 



a 3 +b 3 +abc abc 



< — , we take a = x, b = [x], c = {x} . 



f [vl 3 f v ) 3 ^ 

Theorem 9. If x > 1 , then 4i ^-L + 2i2- i >[x] 2 +[x]{x} + {x} 2 . 

{x} [x] ) 

Proof. In inequality ^-(-a + 6 + c) 3 >a 2 +b 2 +c 2 , we take a = x, b = [x]. 



c= {x} . 



2 



m | cN 




Theorem 10. If *>0, then 






[x] - [x]{x} + {x} 2 [x] 2 + [x]{x} + {x} 2 2 



(W3 + U1J) ^ +WW ) 



Proof. In inequality ^ 



a 



c= {x} . 

Theorem 11. If x > 0 , then 

a-b 



b l -bc + c A y"/i 
[x] { x } ([x] — { x } ) 



3 Tab 

> -= — , we take a = x, b 



< 1 . 



Proof. In inequality 



s 



a + b 



x(x + [x])(x + {x})| 

< 1 we take a = x, b = [x], c = {x} . 



Theorem 12. If x > 0 , then „ j — — — + „ / — > 1 . 

yx + {x} \x + [x] 



Proof. In inequality ^ 



y + z 



> 2 , we take y = [x], z = {x} . 



Theorem 13. If * > 1 , then 3 + M + « > 3 J (* + M)(*+M) 

[x] {x} V [x]{x} 



Proof. In inequality 

a = x, Z? = [x], c = {x} . 



r 



-I >3 
a 



1 + . 



V 



j n^+fr) 

abc 



we 



( I ^ 4 

Theorem 14. If x > 0 , then | yf[x\ + , r A ^ A ^ +JJx} \ > 32[x]{x} . 



Proof. In inequality ^ -Jxy > 2 yxyz^x , we take y = [x], z={x} . 



Theorem 15. If x>0, then (x 2 +[x]{x}J >6x 2 [x]{x} . 

Proof. In inequality (X x >’J - 3xyz^x , we take y = [x], z = {x} . 

Theorem 16. If x>0, then 

X 2 -XyJ[x] {x} +[x]{x} > ([X]VW + {x}y/\x]\lx . 

Proof. In inequality ^xy > ^x Jyz , we take y = [x], z = {x} . 
Theorem 17. If x>0, then ^[x](x + {x} ) + ^{x } (x + [x]) < ( 2 V 2 - . 



= [x]. 



take 



3 




Proof. In inequality XV x (>’ + z )- , we take y = [x], z = {x) . 



Theorem 18. If x > 0 , then — — - — + — > - . 

x+{x } x + [x] 2 

d ^ 

Proof. In inequality Y > - , we take a = x, b = [x], c = {x] . 

b + c 2 

Theorem 19. If x>0,then (x + [x]) 3 + (x + {jc}) 3 > 21jc[jc]{jc} + [x] 3 + {jc} 3 . 
Proof. In inequality ^(x + y) 3 > 21xyz + ^x 3 , we take y = [x], z = {x} . 



Theorem 20. If jc > 1 , then 



X + [x] | l x+{xj < [M + j jxj 
x+{x} ^ I + [l] \ {x} \ [x] 



Proof. In inequality 



x + y 
x + z 



+ 



. , we take y = [x], z, = {x} . 

V x + y yjyz 



Theorem 21 . If x > 0 , then — — 

x + Lx] 

Proof. In inequality 2Y— *— 

-* + y X 



+ 



X 



x 5 

> — . 

x + {x} 2 

, we take y = [x], z = {x} . 



Theorem 22. If x > 1 , then 



■ + 



r p-p 


2 
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"up 


2 o 

{x}~ 

+ - L P-> 


r i i ^ 
1 + 


U X]) 




' { X }) 


X 


kx {x } ) 



[x] . 



Proof. In inequality Y — > Y - , we take y = [x], z = {x} . 

y z 



Theorem 23. If x > 0 , then 



[xf ~[x] {x} + {x} 2 > ^-max {[x] 2 ;([x] - {x}) 2 ;{x} 2 J . 



Proof. In inequality ^]x 2 -^]xy>-max|(x-y) ;(y-z)~;(z-x) j, we take 



y = [x], z= {.*} ■ 



Theorem 24. If x > 0 , then e {x> + e lx] > 2 + x . 

Proof. In inequality e y + e z > 2 + y + z , we take y = [x], z= {x} . 

Theorem 25. If xeR, then |sin[x]| + |sin{x}| + |cosx| > 1 . 

Proof. In inequality |sina| + |sinZ?| + |cos(a + ^)| > 1 we take a = x, b={x). 
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Theorem 26. If a>0, then (3[.t] 2 + 3[.t] {.x} + {.x} 2 ) - ([.t] 2 +[.t] {.x} + {.x} 2 ) • 

• (3 { A' } 2 + 3{a}[a] + [a] 2 )> (a 2 + [a] {a} J . 

Proof. In inequality 

(a 2 + ab + b 2 )• (b 2 +bc + c 2 W + ca + a^> ( ab + bc + ca) 3 , we take 
a = x, b = [a], c = {a} . 



Theorem 27. If a > 0 , then 

W + W > ll 

(3[a] + 2{a})([a] + 2{a|) (3{a} + 2[a])({a} + 2[a]) 48a 

Proof. In inequality (V j)Y 

IZ. x + y + z)(y + z) 8 

y = [a], z= {.*} ■ 



we take 



|xl 2 I a) 2 a(2a 2 + 3[a]{a}) 

Theorem 28. If a > 0, then ~^— + — > v J 



Proof. In inequality Y 



: + [a] a + {a} (a + [a])(a + {a}) 

- 2 3 

> — , we take y = [a], z = { a } . 



(a + >’)(a + z) 4 



Theorem 29. If a > 1 , then 

I 2{a} I 2[a] , J 

/! + -!—!- + . l + — - > 1 + 2 | . 



W 



{a} 



M 1 



' A+{a} V-^ + M 



W 



+ 



Proof. In 



inequality Y- 



y + z 



< 



V2I, 



y + z 



we take y = [a], z = {a} . 



Theorem 30. If a > 1 , then 
Proof. In inequality 

x 



f*} + [x]_ > 1 + 2 f [a] + {a-} 

[a] {a} v a + {a} x + [x]J 

> 4V — , we take y = [a], z = {a} . 

y + z 



Theorem 31 . If a > 0 , then 

1) . min|^V2 +lj Va + ^/{a}^V 2 +lj Va + ^a + [a]| > ^5([a] + 2{a}) 

2) . (V2+i)V^ + Va + {a}>^/5({a} + 2[a]). 



Proof. In 1 Ja + b + c + \jb + c + Vc > \[a + Ab + 9c , we take a = x, b = \ a], 
c = {a} , etc. 
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Theorem 32. If xeR, then 

1) . |sinx| < |sin[x]| + |sin{x}| 

2) . |cos jc| < |cos[x]| + |cos{x}| 

Proof. In inequalities |sin(a + 6)|<|sina| + |sin6| and 
|cos (ci + b~) | < |cosa| + |cos Z?| , we take a = x, b = [x] . 

Theorem 33. If jc > 1 , then 6 + — + — > f-^- + J— + J— ] . 

[x] {x} Lvtx] V fx) V X J 



Proof. 



c= {a} ■ 



In inequality 



we take a = x, b = [x], 



Theorem 34. If x>0, then 
Proof. In inequality ^ 



[a] + {a-} > 1 



(x+{x})“ (x + [x]) 8x 
9 



(b + c) 2 ^Yj l 



, we take a = x, b = [x], c = {x} . 



Theorem 35. If x > 0 , then 

x[x] 



t { a } (x + { X } ) > [x] + 5 { X } 



(x + { x } )(2x + [x]) (x + [x])(2x + { x } ) 1 2x 



Proof. In inequality ^ 



a(a + b ) 



( b + c)(2« + b + c) 4 



> — , we take a = x, b = [x], 



C = {a} . 



0 _ . [a] {a} 3[a] 7 + 4[x]{a} + 3 { a } 2 

Theorem 36. If a > 0 , then — — — + — — — < 1 — — — - 



Proof. In inequality ^ 



2x+{a} 2x + [a] 6 a 

ab 



a + b + 2c 4 



< , we take a = x, b = [x], c = { x } . 



8x 3 



Theorem 37. If x>0, then ([x] 5 -[x] 2 +3)({x} 5 — {x} 2 +3) > 5 

JC JC H - 3 

+ 3)-(X a ) ’ we take 



Proof. In inequality Y\{ 

a = x, b = [x], c = { x } . 



5 2 

a -a 



Theorem 38. If x > 0 , then — (^- A + M) — + — (2a+{x}) < 5 

2[a] 2 + (x + {x} ) 2{x}~ + (x + [x])“ 



6 




Proof. In inequality Y - 2a + b + c ) < 8 , we take a = x, b = [x], c = {.*•} . 
^2 a 2 +(b + cf 

Theorem 39. If * > 0 , then 

1) . ^x + yjx [x] + l]x[ x | { .v' } j < 9.x: 2 (x + [x]) 

2) . (UJ + yj\x] {x} + l]x[x\ {x} ) <9x 2 [x] 

3) . ( { .i' } + tJx{x} + l]x[x] { . 1 ' } j < 9.x: 2 (.x; + {.x}) . 



_ a + 'Jab + \labx ( a + b\( a + b + c\ 

Proof. In inequality <}a\ — : — II : I, we take 



b 7 



a = x, b = [.*], c = {x} , etc. 



Theorem 40. If jc > 0 , then 7(.x; + [.*]) 4 +7(x+ {.x-}) 4 > 3x 4 + 4([.x;] 4 + {.x-} 4 )- 
Proof. In inequality 'Yjia + bf , we take a = x, b = [x], c = { x } . 



Theorem 41 . If * > 0 , then 



{*}' 



■ + 



[x? 



> 



(.x; + {.x})~ + [x] 2 (.x; + [-*]) + { .x: } 2 20 



Proof. In inequality y (^ + c a ) > 1 _ we take a = x, b = [x], c = {x} . 

(b + c) +a 5 



Theorem 42. If * > 0 , then 



2 a 



2x 2[x] 2{x} 

+ A + . — L - L - <3. 



x + M 



X + {x} 



Proof. In inequality Y <3, we take a = x, b = [x], c= [x] . 

a + b 



Theorem 43. If * > 0 , then 



■ + 



> 



5.x: 2 - 4[.x;]{.x:} 



Proof. In inequality 



(.x; + [x]) 2 (.x: + { -Ac } )“ + { } 2 4x 2 (x 2 + [.x;]{.x}) 



1 1 9 

*yJ|^2 ^ Y + y y J - 4 ’ we take y = M’ z = M ■ 
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